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1 Introduction 

Let L be an ample line bundle of type 5 = {d\, d,2, d g ) on an abelian variety A of 
dimension g. Consider the associated rational map (pi : A — > 1PH°(L). Suppose 
L = M n , for some ample line bundle M on A. Then Koizumi and Ohbuchi have shown 
that L gives a projectively normal embedding if n > 3 and when n = 2, no point of 
K(L) is a base point for M, (see [BL], 7.3.1). Consider the case when g = 2, and L is 
an ample line bundle of type (1, d) on A, i.e. L ^ M n for any ample line bundle M on 
A, n > 1. Then it has been shown by Lazarsfeld (see [L]) that whenever (f>i is birational 
onto its image and d > 7 odd and d > 14 and even, then 0^ gives a projectively normal 
embedding. We showed that if the Neron Severi group of A, NS(A), is Z, generated by 
L, and d>7, then 4>l gives a projectively normal embedding, (see [I]). 
In this article we show 

Theorem 1.1 Suppose L is an ample line bundle on a g- dimensional simple abelian 
variety A. If h°(L) > 2 9 .g\ then L gives a projectively normal embedding, for all g > 1. 

Since projective normality is an open condition, our theorem is, therefore true for a 
generic pair (A, L), as above. 
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We outline the proof of 1.1. 

We firstly show that for abelian varieties, it is enough to show the surjectivity of the 
homomorphism 

Sym 2 H°(L) H°(L 2 ) 

to give a projectively normal embedding, (see 2.3). 

To show 2-normality and hence projective normality of L, we firstly consider a finite 
isogeny A — > B = A/H, where if is a maximal isotropic subgroup of the fixed group of 
L, K(L). Then L descends down to a principal polarization M on B. We then show that 
the surjectivity of the map p 2 is equivalent to showing the dual subgroup H' of H, in 
S(~ Pic°(B)) generates the linear system of M 2 ( and hence its translates also) i.e. the 
images of points of if', under the morphism B - £ — > IC(B) a C \t* a M 2 \, & i— >• t* b 9 + t*_ b+a 9, 
have their linear span as \t*M 2 \, for all a e H' . ( Here 9 is the unique divisor in \M\ and 
K,(B) ( respectively K,(B) a ) denotes the Kummer variety of B in \M 2 \ ( respectively in 
KM 2 \). 

We show ( see 3.2) 

Proposition 1.2 Let £ be an ample line bundle on a simple abelian variesty Z and 
consider the associated rational map Z JPH°(C). Then any finite subgroup G of 
Z , of order strictly greater than h°(C).g\, generates the linear system PH°{C). More 
precisely, the points <pc(g) where g runs over all elements of G not in the base locus of 
C span PH°(C). 

We then apply above proposition to C = t^M 2 , to obtain bounds as asserted for a 
polarized abelian variety (A,L), in 1.1 
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the referee for suggestions. We also thank Institut de Mathematiques, Univ.Paris-6, for 
their hospitality where this work was done and the French Ministry of National Edu- 
cation, Research and Technology and DFG 'Arithmetic und Geometrie' Essen, for their 
support. 

Notations : Let C be an ample line bundle on an abelian variety Z, of dimension g. 
The fixed group of C is K(C) = {a e A: C ~ t* a C}, t a : A — > A, x i— > a + x. 
The theta group of £ is G(C) = {(a, 0) : £ ~ t%£}. 



2 



The Weil form e c : K(C)xK(C) — > €*, is the commutator map (x,y) h- > x'yV V 1 , 
for any lifts a/, y' G (?(£), of x, y G 
= dimH°{Z, C) 
If G is a finite subgroup of Z, then Card(G) = order(G). 

2 'r- normality' of L 

Consider an abelian variety A of dimension g and an ample line bundle L on A. 
Consider the multiplication maps 

H°(L)® r #°(L r ), /orr > 2. 

Definition 2.1 L is said to be r-normal, if p r is surjective. 

Definition 2.2 L is normally generated, if L is r-normal for all r > 2. 

The main result of this section is the following. 

Proposition 2.3 Suppose L is an ample line bundle on an abelian variety A. If L is 
2-normal, then L is r-normal, for all r > 2. In particular, L is normally generated. 

Firstly, we will see 

Proposition 2.4 Suppose L and M are ample line bundles on an abelian variety A. 

1) The multiplication map 

J2 H°(L <g> a) ® H°(M ® a' 1 ) — ► H°(L <g> M) 

is surjective, for any open subset U of Pic (A). 

2) If the multiplication map H°(L) ® H°(M) — > H°(L ® M) is surjective, then the 
maps 

(a) H°(L) ® H°(M a) — ► //°(L ® M ® a) 

and 

(b) H°(L ® a" 1 ) ® //°(M a) — ► H°(L ® M) 
are a/so surjective, for a in some open subset U of Pic {A) . 
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Proof: 1) See [BL], 7.3.3. 

2) Denote A = Pic (A). Consider the projections p A : A x A — > A and p A : 
Ax A — ► A and the sheaves £ = p A ,(p* A L), £ 1 = p^ip^L^V' 1 ), £ 2 = p A .(p' A M®V), 
where V is the Poincare bundle on A x A. Since the fibres £o(ct) — H°(L),Si(a) = 
H°(L®a) and £2(0) = H°(M (giaT 1 ) have constant dimension, for all a G A, £q,£i and 
£2 are vector bundles on A. 

Consider the natural maps 

£0 ® £2 ^ Pa*(p*a(L ®M)®V) 

and 

£i®£ 2 ^ H q (L®M)®O a 

Since the map 

Po 2 (0) = pia(O) : H°(L) <g> #°(M) — > <g) M) 

by assumption, is surjective, by semi-continuity, po2(«) and pvi{oi) are surjective, for a 
in some open subset U of A. □ 

Proof of 2.3 : We prove by induction on r. Suppose the map p r : H°(L)® r — > 
H°(L r ) is surjective. 

Consider the map 

H°(Lf r+1 ^ r H\L) ® H°(L r ) ^ H°(L r+1 ). 

To see the surjectivity of the map p r+ i = pi >r o (Id <g> p r ), we need to show that the 
map pi t1 . is surjective. 
By 2.4 1), 

H°(L).H°(L r ) = ]T H°(L).H°(L ® a'^.H ^- 1 ® a). 

Since L is 2-normal, by 2.4 2) (a), 

H°(L).H°(L <g> a" 1 ) = #°(L 2 <g> a" 1 ) 
which implies ( using 2.4 1)) that 

H°(L).H°(L r ) = ]T #°(L 2 <g> a-^.H ^- 1 <g> a) 

= H°{L r+1 ). 

□ 
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3 '2-normality' of L 



Consider the multiplication map 

H\L)®H\L)^H\L 2 ). 

This map factors via 

H\PH\L),0{2)) = Sym 2 H\L) H°(L 2 ) 

and Kerp2 — h — the vector space of quadrics containing 0l(^4) in 1PH (L). 
We will use the following. 

Proposition 3.1 Let D be an ample divisor on a g- dimensional simple abelian variety 
Z . Suppose G is a finite subgroup of Z , of order k (= Card(G), in the sequel), and 
contained in D. Then k < D 9 . ( Here D 9 denotes the self intersection number of D, 
which by Riemann-Roch is h (O(D)).g\). 

Proof: Let G C Z be a subgroup of order k with G C D. This implies that G C 
Y = n CTe G-D + <7, where D + a = {x + a : x <E D}, and now Y is invariant under the 
group G. If s = dimY = 0, then our proof ends here. Otherwise, let Y — Y\ U ... U Y r , 
where Yj are the irreducible components, with Sj = dimYj. Let Y\ be an irreducible 
component of Y, with dimY\ = dimY. Choose g — s translates D + hj, hj G Z, of 
D which intersect properly with Y, i.e. Y f^jZl D + hj is a finite set of points. Then 
Yi Hf=i D + hj CY n 9 jZl D + hj and hence degY x < degY < D 9 . ( Here degY is the 
intersection number of Y with the class of D 9 ~ s , in H*(Z)). 

Since Y is G- invariant, U^qYi + cr G Y. Consider the subgroup Gy 1 = {g G G : 
Yi + g — Yi} of G. Since X^g-S- deg(Yi + a) < degY and degYi = degYi + a we 

get the inequalities Card{£-). degYi < degY < D 9 , i.e. Card{G) < D 9 . } . To 
complete our proof, it suffices to show that Card(G Yl ) < degYi. Now G Yl C Stab(Yi) = 
{a e Z : Yi + a = Yi}. Observe that Stab(Y 1 ) = n yeYl Yi - y. Now for a y e Yi, 
Sta^Yx) = (Yi - y ) n^^, Y : - y C (Y x - y ) n^cj/eyi,^?;,, D + g - y. Hence it 
is now clear that degStab(Yi) < degYi. Since Z is simple, S'ta6(Y 1 ) is zero-dimensional 
and we get Card(G Yl ) < degStab(Yi) < degYi. □ 

We will require the geometric interpretation of 3.1, namely, 
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Proposition 3.2 Let C be an ample line bundle on a simple abelian variety Z and 
consider the associated rational map Z JPH°{C). Then any finite subgroup G of 
Z , of order strictly greater than h°(£).g\, generates the linear system JPH°(C). More 
precisely, the points 4>c{g) where g runs over all elements of G not in the base locus of 
C span PH°(C). 

Proof of 1.1 : 

Consider a polarized simple abelian variety (A, L), of type (di, d g ). Let H C K(L) 
be a maximal isotropic subgroup, for the Weil form e L . Consider the isogeny A — ^ B = 
jj. Then L descends down to a principal polarization M on B. We may assume M is 
symmetric , i.e, M ~ i*M, i(b) = —b,b e B. By Projection formula and using the fact 
that it*Oa = ® X £hL x , where L x denotes the degree line bundle on B, corresponding 
to the character x on H, we get 

H°(L) = ® xeA H°(M ® L x ) = ® aeH ,H (t* a M) 

via the isomorphism B ^ Pic°(B), b i-> t\M ® M -1 , H' = ^m{H). 
Similarly, 

H°(L 2 ) = ®aeH>H°(tlM 2 ). 
Consider the multiplication map 

Sym 2 H°(L) H°(L 2 ). 

Then Sym 2 H°(L) = J2a, T eH> H°(t*M).H°(t*- la M) and we can write the map p 2 as 
©aez/'Pa, where 

H°(t* T M).H°{t*_ T+a M) H°(t* a M 2 )...(I). 

t£H' 

To show surjectivity of p 2 , it is enough to show surjectivity of p a , for each a G H' . 

Now it is well known that the morphism associated to the line bundle M 2 , embeds 
the Kummer variety of B, JC(B), in the linear system \M 2 \ and is given as 

b^k.(b) c \M 2 \,b^t* b e + t*_ b e 

where 6 is the unique symmetric divisor in \M\. 

Under translation by a G B, we have the corresponding morphism 

B ^ K,{B) a c \t* a M%b^t* b e + t*_ b+a 0. 
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( Here K(B) a = Image(B) in |t*M 2 |). So showing surjectivity of p a in (I) is equivalent 
to showing that the image of H' in K.{B), generates the linear system |M 2 | and hence 
the translates |t*M 2 |. Since the pair (A, L) is a simple polarized abelian variety, with 
h°(L) = Card(H') > 2? .g\ = h°(M 2 ).g\, by 3.2 and (I), each p a is surjective. Hence, by 
2.3, our proof is now complete. 

Remark 3.3 Notice that if g — 1, any line bundle of degree strictly greater than 2 on 
an elliptic curve, gives projectively normal embedding. Hence the bound is sharp. 

If g = 2 and L(l,d) is an ample line bundle on an abelian surface A, with h°(L) = 
7,8, then by [I] and [L], we know L gives projectively normal embedding (generically). 
By the method of proof of 1.1, we cannot expect to obtain a sharp bound since if L were 
to be of type (2,4), then it does not give a projectively normal embedding. 

Consider the situation when g > 3. It is clear, by Kunneth, that if A = A 1 x A 2 x 
... x A r and L = p\L\ <g> ... ®p*L r , where (Aj, Lf) are polarized abelian varieties and Lj 
give projectively normal embedding then L, of type 5, also gives a projectively normal 
embedding. Hence for a generic pair (A, L) of type 5, L gives a projectively normal 
embedding. This will show that there exists line bundles L with h°(L) < 2 9 .g\ on A, such 
that A is projectively normal in IPH°(L). 

But we can hope to improve the bound in 3.1, for g > 1, by taking into consideration 
the structure of the finite subgroup H' , which essentially distinguishes the type 5 of L, 
for instance, types (1,8) and (2,4), when g = 2. Here H' ~ ^ in the former case and 
in the latter case either ~ ^ x ^ or ~ (^) 3 ( satisfying certain condition with respect 
to the Weil form e £2 ). 

Also, in 3.1, if the ample divisor D C Z is moreover a symmetric divisor, i.e. 
i(D) = D, then the subset Y = \~\ g( z G D+g is in fact invariant for the action ofGx < i >. 
So one may get better bounds in some cases and hence for the pair (A, L), in 1.1, ( since 
all the divisors in the linear system of M 2 , are symmetric for the action of i). 
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